In this paper, classical as well as various refined plate finite elements for the analysis of laminates and sandwich structures are discussed. The attention is particularly focussed on a new variable-kinematic plate element. According to the proposed modelling approach, the plate kinematics can vary through the thickness within the same finite element. Therefore, refined approximations and layer-wise descriptions of the primary mechanical variables can be adopted in selected portions of the structures that require a more accurate analysis. The variable-kinematic model is implemented in the framework of the Carrera unified formulation, which is a hierarchical approach allowing for the straightforward implementation of the theories of structures. In particular, Legendre-like polynomial expansions are adopted to approximate the through-thethickness unknowns and develop equivalent single layer, layer-wise, as well as variable-kinematic theories. In this paper, the principle of virtual displacements is used to derive the governing equations of the generic plate theory and a mixed interpolation of tensorial components technique is employed to avoid locking phenomena. Various problems are addressed in order to validate and assess the proposed formulation, including multi-layer plates and sandwich structures subjected to different loadings and boundary conditions. The results are compared with those from the elasticity theory given in the literature and from layer-wise solutions. The discussion clearly underlines the enhanced capabilities of the proposed variable-kinematic mixed interpolation of tensorial component plate elements, which allows, if used properly, to obtain formally correct solutions in critical areas of the structure with a considerable reduction of the computational costs with respect to more complex, full layer-wise 
Introduction
The continuous development of new structural materials and structures, such as composite laminates, leads to increasingly complex structural designs that require careful and detailed analyses. In fact, the analysis of layered composite structures is complicated in practice. This is mainly due to the complex anisotropy that characterizes this kind of structures and that leads to intricate mechanical phenomena. The C 0 z requirements [1] -i.e. the zig-zag behaviour of the displacements and the interlaminar continuity for the shear stresses -as well as the coupling between the in-plane and the out-of-plane strains are only some few examples of the issues to deal with in the analysis of composite structures. Nowadays, several methods and theories for the accurate analysis of composite structures are available. An overview on several computational techniques for the analysis of laminated plates, which represent the main topic of the present paper, can be found in major review articles [1] [2] [3] . Nevertheless, a brief and not complete discussion about some noteworthy contributions in the field is given hereinafter for the sake of completeness. The attention is mainly focused on important developments within the framework of finite element method (FEM).
FEM has acquired a predominant role among the computational techniques devised for the analysis of layered structures. The majority of FEM structural elements available in the literature are formulated on the bases of axiomatic-type theories. Axiomatic theories are those developed on the basis of a number of hypotheses that cannot be mathematically proved. Despite this lack of mathematical strength, axiomatic structural theories have been exploited to design most of the structures built over the last few centuries [4] . The former and probably the most famous plate model is the classical Kirchhoff-Love theory [5, 6] , whose extension to laminates is known as the classical lamination theory (CLT) [7] . CLT neglects the effect of out-of-plane strains. However, one of the main issues related to the proper modelling of a composite structure is due to its low transverse shear moduli compared to the axial tensile moduli. CLT is therefore inadequate for most of the practical cases. On the other hand, the first-order shear deformation theory (FSDT), which is based on the works by Reissner [8] and Mindlin [9] , accounts for the shear deformation effects by linear variation of in-plane displacements. FSDT has been widely developed in the framework of FEM by Pryor and Barker [10] , Noor [11] , Hughes and Tezduyar [12] and many others and it still plays a fundamental role in commercial codes.
In order to overcome the limitations of classical theories, several refined plate finite elements have been developed over the last years. These include, for example, the higher order theories (HOTs) such as the one developed by Reddy [13] , the so-called zig-zag theories [14] , the theories based on the Reissner's mixed variational theorem (RMVT) [1] , and layer-wise (LW) models [15] . HOT-based C 0 finite elements (C 0 means that the continuity at the element interface is required only for the unknown variables and not for their derivatives) assume higher order expansion of the shear strains within the layers and were widely discussed by Kant et al. [16] and Kant and Kommineni [17] . Many other papers are available in which HOTs have been implemented for plates and shell structures, see for example Reddy [18] and Palazotto and Dennis [19] . Zig-zag theories, conversely, make use of piecewise zig-zag functions in the plate kinematics in order to fulfil the mechanical requirements demanded by composite structures. Dozens of finite elements have been proposed based on zig-zag theories, see for example [20] [21] [22] . Most of the works discussed so far are based on an equivalent single layer (ESL) approximation of the laminate. In ESL models, the variables are independent from the number of layers. On the other hand, detailed analysis may require the adoption for LW models, in which different sets of variables are considered per each layer. A finite element implementations of LW theories have been proposed by many authors, such as for example Noor and Burton [23] , Reddy [24] , Mawenya and Davies [25] , Rammerstorfer et al. [26] . However, it is well known that the enhanced accuracy of LW models generally demands high computational costs.
In the present work, an improved plate finite element for the analysis of composite structures is presented. The proposed model is based on the Carrera unified formulation (CUF), which allows for the automatic implementation of theories of structures in a unified and straightforward manner. CUF was originally devoted to the analysis of plate and shell structures [27, 28] and then it was extended to the analysis of multi-field problems [29] [30] [31] [32] and beams, see for example [33] [34] [35] [36] . Also, CUF was employed to unify 1D, 2D theories of structures and 3D theory of elasticity and related finite elements [4] .
The hierarchical capabilities of CUF are employed in the proposed research in order to implement a new plate finite element with variable-kinematic features. According to the present modelling technique, in fact, the plate kinematics can vary within the same finite element and through the thickness. Therefore, refined approximations and LW descriptions of the primary mechanical variables can be utilized only in the portion of the structure that requires a more detailed analysis. Variable-kinematic models are not new in the framework of CUF. For example, Demasi [37] implemented a finite element able to describe each displacement unknown independently (in an axiomatic sense) with respect to the other primary variables. In the work by Botshekanan Dehkordi et al. [38] , CUF was employed to have a variable description in the thickness direction for the static analysis of sandwich plates. That model was derived from the RMVT in order to describe a priori the transverse shear and normal stresses. The transverse stresses were described with a LW approach, whereas the displacements were approximated through a combined LW/ESL approach. The same combined LW/ESL approach with RMVT was then used in Botshekanan Dehkordi et al. [39] for nonlinear dynamic analysis of sandwich plates with flexible core and composite faces embedded with shape memory alloy wires.
The main novelty of the present work is that Legendre-like polynomial expansions are used to indiscriminately implement ESL, LW, as well as variable kinematics with combined ESL/LW capabilities. Moreover, a mixed interpolation of tensorial components (MITC) methodology is used to formulate a locking-free plate finite element. As it will be clear later in this paper, the variable kinematics allows to accurately capture the mechanical behaviour of selected areas of multi-layer structures with LW resolution. On the other hand, as the number of layers increases, full LW models may require a very large computational effort if compared to variable-kinematics plate theory, which can be extremely useful in problems where localized phenomena play an important role (e.g. delamination and low-velocity impact).
The paper is organized as follows: (i) first, the unified formulation of the theories of structures is introduced in the next section; (ii) subsequently, in 'Finite element approximation' section, the CUF plate theory is implemented within a nine-node quadratic finite element that makes use of the MITC method [40] [41] [42] in order to contrast the shear locking; (iii) a short outline of the different modelling approaches is, then, given in 'Modelling approaches' section, where the attention is mainly focussed on the present variable-kinematic technique; (iv) next, the application of the present finite element to the analysis of three-to eight-layer laminates as well as of sandwich structures is discussed in 'Numerical results' section, where the results are compared with those from exact solutions given in the literature; (v) finally, the main conclusions are outlined in the final section.
Unified formulation of plate structures
Plates are bidimensional structures in which one dimension (in general the thickness in the z direction) is negligible with respect to the other two dimensions. The geometry and the reference system that is adopted throughout the present work are shown in Figure 1 . Classical plate models grant good results when thin thickness, homogeneous structures are considered. On the other hand, the analysis of thick plates, multilayered structures may require more sophisticated theories to achieve sufficiently accurate results. As a general guideline, it is clear that the richer the kinematics of the theory, the more accurate the 2D model becomes. According to CUF [28, 43, 44] , refined models can be formulated in a straightforward manner by assuming an arbitrary order of expansion for each of the primary variables. Thus, each variable can be treated independently from the others, according to the required accuracy. In a displacement-based formulation, CUF states, in fact, that the 3D displacement field can be expressed as an arbitrary expansion of the generalized displacements by arbitrary thickness function
Similarly, in a compact form one has
where k denotes the layer; u k ðx, y, zÞ is the 3D displacement vector for layer k; u k is the related virtual variation; F and F s are the thickness functions depending only on z; u and u s are the generalized displacement vectors of the variations and the variables, respectively; and s are sum indexes; and N is the number of terms of the theory expansion. Depending on the choice of the thickness functions, F and F s , and the number of terms in the plate kinematics, N, various theories can be implemented. Some noteworthy examples are given in the following. However, the superscript k is omitted for the sake of clarity.
Taylor-like expansions
It is clear that classical as well as HOTs can be easily obtained from equation (1) by using, respectively, linear and higher order z n polynomials as F and F s . This class of models has been addressed as to Taylor expansion models in the CUF literature [4] and they have proven good efficacy in the analysis of thin and homogeneous structures. The kinematics of the generic Taylor expansion model is given in the following for the sake of completeness
For Taylor polynomials, the letter N indicates the number of terms of the expansion and the polynomial order. For example, a second-order plate theory (N ¼ 2) reads uðx, y, zÞ ¼ u 0 ðx, yÞ þ z u 1 ðx, yÞ þ z 2 u 2 ðx, yÞ ð 5Þ
Legendre-like expansions
One of the main disadvantages of the Taylor models is that the generalized displacements lay on the plate mid-plane. Thus, the imposition of through-the-thickness conditions, e.g. the interlaminar continuities of the displacements, may involve some mathematical artifices (see for example Carrera and Pagani [34] ). This problem can be avoided by using a suitable set of F and F s functions. For example, within the framework of CUF, a combination of linear Lagrange and hierarchical, higher order Legendre-like polynomials have been used. This choice allows one to express the unknown variables as functions of the top and bottom position of a sub-region of the plate thickness (e.g. one single layer). In this case, the displacement field is defined as follows
in which P j ¼ P j ðÞ is the Legendre polynomial of order j and it is defined in the -domain: À1 1. Moreover, P 0 ¼ 1,
Finite element approximation Constitutive and geometrical relations
The geometrical relations enable one to express the in-plane k p and out-plane k n strains in terms of the displacement vector u k ðx, y, zÞ ¼ fu x u y u z g T for each layer k
The explicit forms of the above differential operators are
where
On the other hand, the Hooke's law can be used to relate the stress components to the strains. It reads
, and C k nn are the matrices containing the material coefficients. In the case of orthotropic materials, they are 
For the sake of brevity, the expressions that relate the material coefficients C ij to the Young's moduli E 1 , E 2 , E 3 ; the shear moduli G 12 , G 13 , G 23 ; the Poisson ratios 12 , 13 , 23 , 21 , 31 , 32 ; and the fibre orientation angle are not given here. They can be found in many reference texts, such as Reddy [24] ).
Nine-node MITC element
Thanks to CUF, a FEM approximation can be formulated independently from the choice of the thickness functions adopted. In this manner, a variable-kinematic plate element can be developed. According to FEM, the generalized displacements can be expressed as linear combinations of the shape functions. In this paper, a nine-node finite plate element is employed and Lagrangian shape functions N i , N j are used. Therefore, one has In classical FEM techniques, the strain components are computed from displacements by using geometrical relations (equation (8)). In particular, by substituting CUF (equation (2)) and FEM approximation (equation (12)) into equation (8), one has
where I is the 3 Â 3 identity matrix. This procedure may result in some numerical problems related to the shear locking. On the contrary, in this paper, a MITC technique [40, 45] is used to overcome this problem. According to the MITC method, the strain components are re-interpolated employing a new set of Lagrangian shape function where m and n go from 1 to the number of tying points within the element. It should be underlined that the position and the number of tying points are different for each strain component. Moreover, the normal transverse strain zz is excluded from this procedure, and it is directly calculated from the displacements. The reader is referred to Cinefra et al. [30] for more details. Constitutive equations are also re-interpolated for the case of MITC elements r
Fundamental nuclei
The principle of virtual displacements for a multi-layered plate structure reads
where k and A k are the integration domains in the plane and the thickness direction, respectively. The left-hand side of the equation represents the variation of the internal work, while the right-hand side is the virtual variation of the external work. Substituting the constitutive equations (16), the geometrical relations written via the MITC method (14) and applying the CUF (2) and the FEM approximation (12) , one obtains the following governing equations
where K ksij is a 3 Â 3 matrix, called fundamental nucleus of the mechanical stiffness matrix, and its explicit expression is given in Cinefra and Valvano [46] ). The nucleus is the basic element from which the stiffness matrix of the whole structure is computed. The fundamental nucleus is expanded on the indexes and s to obtain the stiffness matrix of each layer k. Then, the matrixes of each layer are assembled at the multi-layer level depending on the approach considered (see 'Modelling approaches' section). P ki is a 3 Â 1 matrix, called fundamental nucleus of the external load. It explicit expression is not given here for the sake of brevity, but it can be found in Cinefra and Valvano [46] ) in the case of point load.
Modelling approaches
Two different types of modelling approaches are usually used in the literature:
. The equivalent single layer approach, here referred to as ESL; . The layer-wise approach, here referred to as LW.
In this paper, a variable-kinematic model is also used by employing the hierarchical capabilities of CUF and further details are given in the sections below. However, it is worth mentioning that the choice of the modelling approach does not depend on the type of thickness functions used in the structural theory.
ESL models
In an ESL model, a homogenization of the properties of each layer is conducted by summing the contributions of each layer in the stiffness matrix. This process leads to a model that has a set of variables that is assumed for the whole multi-layer. Therefore, the number of degrees of freedom does not depend on the number of layers. In this work, the ESL model is employed using both Taylor and Legendre polynomials. The ESL assembly procedure of the stiffness matrix in the framework of CUF is shown in Figure 2 .
LW models
LW considers different sets of variables per each layer, and the homogenization is just conducted at the interface level. The LW assembly procedure is presented in Figure 3 . In this work, the LW model is employed using the Legendre-like polynomials. The Lagrange polynomials F 0 and F 1 interpolate the displacements at the top (t) and bottom (b) position of the layer, respectively. The unknown variables at the top (t) and bottom (b) position are, thus, used to impose the following compatibility conditions
where N l is the number of layers. Refined LW models can be obtained by further expanding the displacement field according to equation (6) .
Variable kinematics
In this paper, a variable-kinematic approach is also taken into account. Thanks to CUF, in fact, different sets of F and F s functions can be employed through the thickness of the laminate, resulting in variable-kinematic theories. Thus, advanced models combining the advantages of both ESL and LW approach can be easily obtained. In particular, in this paper, ESL and LW approaches are combined by employing structural theories based on Legendre-like polynomials. In multi-layered structures some layers can be modelled with a homogenization of the properties and modelled with an ESL assembling procedure, whereas for some layers the homogenization is conducted just at the interface level. The variable-kinematic assembling, developed in the framework of the CUF, is very simple to integrate, for example in a FORTRAN code, with few code statements. The code lines of the equations of the nucleus, in fact, are the same for both ESL, LW and for variable-kinematic assembling. For clarity purposes, the variable-kinematic assembly procedure of the stiffness matrix in the framework of CUF is shown in Figure 4 , Figure 4 . Variable-kinematic assembling scheme for a second-order (N ¼ 2) plate model: The fundamental nucleus of the stiffness matrix, K ks , is expanded for each layer k. Depending on the modelling choice, the laminate stiffness matrix is then obtained by adopting a combined ESL/LW approach. In this example, layers 2 and 3 are homogenized by ESL and then assembled with layer 1 by LW. The dimension of the global matrix depends on the modelling choice.
where the two bottom layers of a three-layer structure are homogenized in an ESL sense and then assembled at the interface with the top layer.
Acronyms
Depending on the modelling approach, the variables description and the number of kinematic terms N, various plate theories can be developed in the framework of CUF. A system of acronyms is given in order to denote those models. The first letters in the acronym indicate the assembling approach used, i.e. equivalent single layer (E) or LW. In the case of ESL models, the second letter in the acronym indicates the type of polynomial adopted: (T) for the Taylor's polynomial expansion or (L) for the Legendre-like polynomials. The number N indicates the number of terms of the expansion used in the thickness direction. Eventually, the subscript ðaÞ is used to denote an analytical solution.
Numerical results
In this section, the variable-kinematics MITC plate element is assessed. The following reference problems were considered to serve the scope:
. A three-layer cross-ply square plate with lamination (0 /90 /0 ); . An eight-layer cantilevered beam;
. A three-layer rectangular sandwich plate;
. A five-layer composite sandwich plate.
Three-layer composite plate
A three-layer cross-ply (0 /90 /0 ) square plate with simply supported boundary condition is considered as the first assessment. The plate is subjected to the following load condition
The load amplitude at the top position isp ¼ 1. The mechanical properties of the material are such that:
The results are presented for different thickness ratios, namely a=h ¼ 4 and a=h ¼ 100, and they are given in non-dimensional form
First a convergence study versus the number of plate elements was performed by considering the case a=h ¼ 100 and fourth-order (N ¼ 4) ESL and LW models. As shown in Table 1 , a mesh grid of 10 Â 10 elements ensures the FEM convergence. Subsequently, in order to prove that the proposed element is locking free, various integrations schemes [47] were considered and the results are shown in Table 2 . In this table, the results from the present higher order finite elements are compared to various 2D and 3D analytical solutions. It is clear that the plate element with the MITC9 method ensures acceptable accuracy on both the transverse displacement and the shear stress.
An assessment of the Legendre-like polynomial expansion theories with a full ESL approach was performed subsequently. All the results presented in Table 3 , for thick and thin plates, show that the Legendre polynomials lead to the same results as the Taylor-based ESL models. Regarding the Taylor linear model, if the thickness locking correction is applied, ET1
Ã , a moderate difference in the results is noticeable, with respect to the EL1 theory. Nevertheless, the use of either polynomials is invariant with respect to the solution accuracy (see Figures 5 to 8) . Therefore, Legendre polynomials are employed hereafter to implement ESL, LW, and variable-kinematic plates.
Different variable-kinematic models were used to perform the analysis of the plate structures, see Figures 9 and 10. In this case, the acronyms were modified by adding a subscript for clarity purposes. In particular, two different variable-kinematic models of the structure under consideration are addressed
In Case1 (Figure 9 ), the two bottom layers are homogenized and then assembled at the top layer in a LW sense. Vice versa, in Case2 (Figure 10 ), the two top layers are homogenized. The results from these variable-kinematic models are listed in Table 4 . The following considerations can be drawn:
1. As far as the transverse displacement w is considered, the theories EL4, Case1 and EL4, Case2 lead a significant improvement of the solution with respect to the EL4 (see Figures 11 and 12 ). 2. Regarding the sxx stress component, the theories EL4, Case1 and EL4, Case2 improve the results in the interface zones (see Figures 13 and 14) with respect to EL4. 3. As shown in Figures 15 and 16 , the variable kinematics does not improve the accuracy of the transverse normal stress szz. 4. Figures 17, 18, 19 , and 20 show that if the shear stress sxz is considered, variable-kinematic models can be used to locally refine the solution in order to obtain a LW accuracy in the parts of the structure that require a more detailed analysis. Eventually, as it is clear from Table 4 , variable-kinematic models provide high accuracy with less degrees of freedom with respect to full LW models.
Eight-layer composite beam
The cantilever eight-layer beam shown in Figure 21 is analysed as the second assessment. The structure was loaded at the free end with a concentrated load equal to P z ¼ À0, 2N and it was applied at top position. The geometrical dimensions are a ¼ 90 mm, b ¼ 1 mm, h ¼ 10 mm. The mechanical properties of the material labelled with the number 1 (see Figure 21 ) are E L ¼ 30 GPa, properties of the material labelled with the number 2 are E L ¼ 5 GPa,
The FEM results of the present paper are compared with some solutions from the literature, and with the analytical solution derived by theory of elasticity as presented in Lekhnitskii [50] ) and here referred to as Lekhnitskii.
First, a convergence study on the plate model was performed (see Table 5 ). It is clear that a mesh grid of 12 Â 2 elements ensures the convergence. Various variable-kinematic CUF models have then been used to perform the analysis of the proposed plate structure, and they are summarized in the following .
As in the previous analysis case, the curl brackets are used to group layer that are homogenized according to an ESL approach. Some noteworthy results are listed in Table 6 . The conducted analysis suggests the following comments:
1. As shown in Figure 22 , the theories EL4, Case1 , EL4, Case2 , EL4, Case3 , and EL4, Case4 lead a significant improvement of the solution with respect to the EL4 if the transverse displacement w is considered. 2. As far as the in-plane stress sxx is concerned, all the considered theories show exactly the same accuracy (see Figure 23 ). 3. The distribution of the transverse normal stress szz is significantly improved by EL4, Case1 and EL4, Case3 with respect to EL4. On the other hand, as depicted in Figure 24 , although the theories EL4, Case2 and EL4, Case4 show an improvement of the solution in the top layer of the beam, they also introduce a discontinuity of the szz along the thickness. 4. Regarding the shear stress sxz, the LW4 model is able to reproduce the exact analytical solution (Lekhnitskii), see Figure 25 (a). Conversely, the results by the present variable-kinematic models accurately describe the shear stress only within the layers that are modelled via a LW approach; namely the top and Figure 23 . In-plane stress xx along the thickness, with thickness ratio ð L = h Þ ¼ 9. Composite beam. bottom layers for EL4, Case1 (Figure 25(a) ), the first two top layers and last two bottom layers for EL4, Case3 (Figure 25(c) ), the two central layers for EL4, Case4 (Figure 25(d) ). Contrarily, the layers that are modelled via an ESL approach present a loss of accuracy (see Figure 25 (a) to (d)).
Three-layer sandwich plate
A three-layer, unsymmetrically laminated, rectangular sandwich plate was also considered. The plate is simply supported and loaded by a constant uniform pressure P 
The core is made of a metallic foam with the following data:
The mesh adopted in the analysis is the same of the three-layer composite plate, 10 Â 10 elements.
Different variable-kinematic models have been used to perform the analysis of the sandwich. Namely Some results at top and bottom surfaces by the present variable-kinematic models, ESL as well as LW theories are listed in Table 7 . In the same table, also some analytical solutions are given for comparison purposes. It can be observed that, although moderately thick plates are considered (a=h ¼ 100=12 ð Þ), lower order theories as ET1 a , EL1, EL2, EL1, Case1 , and EL1, Case2 lead to completely wrong results. ESL theories modelled with Taylor or Legendre polynomials, even with higher order expansions, do not allow to obtain acceptable results, see ET4, EL3, EL4. On the other hand, variable-kinematics models lead to some improvements starting from the second order of expansion, i.e. EL2, Case1 , EL2, Case2 , EL3, Case1 , and so on. Anyway, regardless from the theory expansion, it should be noted that the ðCase2Þ among the variable-kinematic models has a better approximation of the results than ðCase1Þ.
Five-layer composite sandwich plate
A five-layer composite sandwich plate was analysed as the last assessment. The plate was simply supported and it underwent the same bi-sinusoidal load as the three-layer composite plate, see equation (5) . The mechanical load amplitude at the top position wasp ¼ 1000 Pa. A thickness ratio a=h ¼ 100 was considered. The results are reported in a non-dimensional form as followŝ
The top and bottom skins of the sandwich plates are made of two orthotropic layers each. The thickness of the four sheets is 
The Nomex core has thickness h 3 ¼ 8 mm. The properties of the material of the core are
25. The adopted mesh is the same as the one used for the three-layer composite plate in 'Numerical results' section, i.e. 10 Â 10 elements are employed.
Several variable-kinematic models have been utilized in the analysis of the present sandwich structure and they are named as in the following
The results by the proposed variable-kinematic models are listed in Table 8 and they are compared to those from higher order LW model and full ESL models. Stress and through-the-thickness displacement distributions are also shown in Figures 26 to 28 . Some interesting comments stem from the analysis of the composite sandwich plate.
1. The adoption of higher order variable-kinematic models, i.e. EL4, Case1 , EL4, Case2 , EL4, Case3 , and EL4, Case4 , lead to a significant improvement of the out-of-plane displacement w with respect to the full ESL fourth-order model EL4. It is evident that EL4, Case2 is able to reproduce the exact solution reducing the computational costs in terms of DOFs (Degrees Of Freedom) with respect to the LW4 model. Figure 27 . In-plane stress r xx along the thickness. Composite sandwich plate. Figure 27 , all the theories presented give the same degree of accuracy if the in-plane stress sxx is considered. 3. For the evaluation of the transverse normal stress szz, HOTs are necessary. The linear ESL model gives completely wrong results. However, even higher order ESL models present errors ranging from approximately -1600% to +153% with respect to the reference solution (LW4). Variable-kinematic models with higher order terms can lead to significant benefits for the description of the szz. The variable-kinematic theories Case1 and Case3, which are modelled with a LW approach in the top layer, can obtain noticeable improvements. The models denoted as Case2 show better accuracy of the results with respect to the ESL models. Conversely, Case4 models are not able to obtain an improvement of the solution of the szz with respect to the full ESL models. 4. Figure 28(a) shows that the present LW4 FEM solution perfectly match the analytical one provided by Petrolo and Lamberti [56] ). Regarding the proposed variable-kinematic models, it is interesting to note that they can provide the exact solution only in the layers that are described through a LW approach. For example, it is interesting to note that EL4, Case3 provides analytical accuracy in the top LW layers, whereas the solution worsens close to the bottom layers, where an ESL approach is used (see Figure 28(d) ). Also, particular attention should be focused on the model EL4, Case2 , which has been obtained by using an ESL approach for the top and bottom composite skins and a LW approach for assembling outer ESL sheets and the inner core. This model clearly gives the exact solution with an evident DOFs reduction with respect to the LW4 theory. 
As shown in

Conclusions
This paper has dealt with the static analysis of composite and sandwich plates by means of a 2D MITC finite element based on the CUF, which is a hierarchical tool that allows to write the governing equations and related FEM arrays in a compact and unified manner. By employing CUF, a new plate finite element with variable-kinematic features has been implemented in this paper by using Legendre-like approximations of the primary variables. According to the proposed modelling approach, the plate kinematics can vary within the same finite element and through the thickness. Thus, refined approximations and LW descriptions of the mechanical unknowns can be utilized in selected portions of the structure that requires a more detailed analysis. In fact, the characteristics of Legendre polynomials, when combined to CUF, allow us to arbitrarily implement ESL, LW models, as well as variable kinematics using a combination of the former approaches. The proposed model has been assessed by analysing cross-ply plates under bi-sinusoidal loads and simply supported boundary conditions, multi-layered cantilevered beams under concentrated loads, three-and five-layer sandwich plates. The results have been presented in terms of both transverse displacement, in-plane stresses, transverse shear stresses, and transverse normal stress for various thickness ratios. The performances of the plate element have been tested, and the different theories (classical, refined, and variablekinematic models) within the CUF framework have been compared. Some conclusions can be drawn:
1. CUF is the ideal tool for the implementation of variable-kinematic theories. In fact, the theory approximation order and the modelling technique (ESL, LW) are free parameters of the FEM arrays, which are written in a compact and very general form. 2. The MITC method is effective in overcoming locking phenomena, both in the case of classical and refined models. 3. The present variable-kinematic MITC element allows to locally improve the solution with a reduction of computational costs with respect to LW modelling. This aspect appears to be very interesting for problems where localized phenomena play an important role (e.g. delamination and low-velocity impact). 4. The results show confidence for future extension of the present variablekinematic methodology to shell MITC finite elements.
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